Preprints of the 18th IFAC World Congress
Milano (Italy) August 28 - September 2, 2011

Robust Adaptive Fuzzy Sliding Mode Control
Design for a class of MIMO underactuated system

S.ALOUI* O.PAGES* A. EL HAJJAJI* A. CHAARI **
Y. KOUBAA **

* University of Picardie Jules Verne (UPJV), MIS, 7 Rue du Moulin Neuf,
80000 Amiens, France
(e-mail: {sinda.aloui, opages, ahmed.hajjaji} @u-picardie.fr)
** Electrical Engineering Department, National Engineering School, BP W
3080 Sfax, Tunisia
(e-mail: abdessattar2004 @yahoo.fr, Yassine. Koubaa @ enis.run.tn)

Abstract: In this paper, a robust adaptive fuzzy controller which combines the sliding mode control
with an adaptive Proportional Integral (PI) term is developed for a class of nonlinear Multi Inputs
Multi Outputs (MIMO) underactuated systems with unknown parameters and in presence of external
disturbances. The main contribution of the proposed method is that underactuated systems can be
controlled in their original non square form. The problem of matrix singularity for this class of systems
is solved by using the property of the regularized inverse and by introducing a compensator term in the
proposed control law. The free parameters of the adaptive fuzzy controller are tuned on-line based on the
Lyapunov approach. The overall adaptive fuzzy scheme guarantees the boundedness of all the closed-
loop signals as well as the tracking errors. The validity of the proposed approach is shown by computer

simulations.
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1. INTRODUCTION

In the recent years, research works have been done on adap-
tive fuzzy sliding mode control of multivariable non linear
perturbed systems. Nonetheless, the chattering phenomenon
represents a limitation for this technique. Then, this problem
has been addressed (Utkin et al. (2000), Aloui et al. (2010c),
Roopaei et al. (2009), Hamzaoui et al. (2003) and their
references). However, most of the recent research works have
considered MIMO nonlinear systems where the number of in-
puts and outputs is equal. Recently, there has been a growing
attention in underactuated systems characterized by the fact
that they have fewer actuators than the degrees of freedom to
be controlled Santhakumar and Asokan (2009), Aloui et al.
(2010a), Aloui et al. (2010b), Kunget al. (2009), Yi and Wang.
(2005), Hao et al. (2008). This class of mechanical systems are
abundant in reality for instance, space craft, underwater robots,
helcopters, mobile robots...In literature, several works have pro-
posed different techniques to study the difficult control problem
of underactuated system. In Hao et al. (2008), a robust control
using incremental sliding mode for underactuated systems with
mismatched uncertainties is developed. In Kung et al. (2009),
the authors have proposed an adaptive fuzzy sliding mode con-
troller for a class of underactuated systems. In fact, a fourth
order underactuated system is decoupled into two subsystems
and a sliding surface for each subsystem is defined. In San-
thakumar and Asokan (2009), an adaptive non linear control
strategy for underactuated autonomous underwater vehicle is
presented. In Yi and Wang. (2005), a cascade sliding mode
control approach is used to treat a large class of underactuated
systems. In Aloui et al. (2010b), a stable adaptive fuzzy sliding
mode based tracking control is developed for a class of non-
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square nonlinear uncertain systems. In order to eliminate the
chattering phenomenon brought by the conventional variable
structure control, the signum function is replaced by an adaptive
Proportional Derivative (PD) term in the proposed approach.
In this paper, we intend to study a fuzzy adaptive control law for
a class of underactuated nonlinear systems with external distur-
bances in their original non square form, Aloui et al. (2010a),
Aloui et al. (2010b). A robust control algorithm is developed
by combining the adaptive fuzzy sliding mode approach with
an adaptive PI term in order to simultaneously to reduce the
chattering phenomenon as well as to ensure the good tracking
performances though the presence of the external disturbances
and all approximation errors. On the basis of the Lyapunov
theory, the proposed controller is shown to guarantee the He
tracking performance.

The remainder of this paper is organized as follows. The prob-
lem under investigation is first formulated in section 2. The
controller design and the main results are described in Section
3. The simulation studies are given in Section 4 to validate the
proposed scheme. Section 5 gives a conclusion on the main
works developed in this paper.

2. CONVENTIONNEL SLIDING MODE FOR
UNDERACTUATED SYSTEM

Consider the following MIMO nonlinear underactuated system
given by:
WV = F1 () + g (ur + -+ g1p(x)up +dy,
e = (D)
i = S 3) + g ()it -+ 8 (Dt +
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T .
wherex=[y; --- y'™" ooy, oyl ] s the state vec-
tor,

U=[u - up] € IR? is the control input vector,

Y =[y1 -+ ym| € R™ is the output vector and note also that:
p<m.figi€R"—R" j=1-- pi=1---m,aresmooth
partially unknown function vectors, D = [d) -+ dp ]T is the
perturbation vector where d; = [0 0 -~ d; |, i=1---m

(where X7 is the transpose of X).

Assumption 1. The external disturbance d; is assumed to be-
long to L,[0 7], Vt € [0,00) and | d; |< D; Vi. D; Vi is supposed
to be unknown.

Denote
" fi(2) " a,
Y(t): e ’F(x): et ,U: e =
ys,f”’) fm (x) Up dmr,,,

G(x)=[Gi Gy---Gy]" where G; = [gi1 g+~ gip) i=1,---,m
Then (1) can be written as:

Y =F(x)+G(x)U+d (2)

Definition 2.1. Let G(x) be a m x p matrix, and G (x) be the
pseudo-inverse of G(x). If G(x) is of full rank, then G(x)* can
be computed as follows:

G')=[6W'6W] "W,  m>p O
The output tracking error e; is:
€ =Yi—Yq, “)

y4; is the desired reference trajectory of y;. Let us consider
desired trajectories yg4, (), i = 1---m that are known bounded
functions of time with bounded known derivatives and are
assumed to be ri-time differentiable.

The sliding mode surfaces are defined in the space of the
tracking errors by the following equation:

o da\ i)
5= z:l &) (E) e; 5)
Jj=

with a(ir,-—l) =1.
The surface vector is defined by:

S=s1-5m]" (6)

The parameters Océ yoee ,Océ are chosen such that all roots

r,»72)
hi(s) = sV a5 st o atfs + ot are in the left
half of the complexe plane. (here s denotes the complex Laplace
transform variable).

The control law is designed as:

U= Ueq + Usw )

The equivalent control law u,, is determined by S=0.
From (2), (5) and (6), the time derivative of S can be obtained
as

S=F(x)+GU+d—Y" + Y Ay E

i=2

Where:

n, = max{r;}
l

n r Iz T'm T
) = syl

A;=diag o} or 0,07 or 0,--- 0" or 0] i =0,1,---,n, —2

i=1,2,--m

, N T
EW = {e(ll)eg)---eg,l,)} i=1,2,--n—1

For underactuated systems, in order to avoid the singular-
ity problem of G(x)G"(x), we consider in this case the fol-
lowing approximation Labiod et al. (2005), since we need

-1
(G(x) G*t (x)) in the equivalent control term:
—1 T T7-1
(G@)G*@)) ~ (G(x)c+(x)) [301+ (G(x)c+(x)) (G@)G*@)) ]
®)
where [ is the identity matrix of appropriate dimension. &) is
small positive constant.

The equivalent control term is defined by the following expres-
sion

teg = G () (GWG* (W) (&0l + (66" () (GG ()" )

(F(x)+ya§”'> ~Y Ay yEEY +u,> ©)
i=2

i

We introduce another term u, in the control law in order to
cancel the approximation error from (8) and to ensure the
stability of the system (more details are given next).

Denote (G(x)c;+ (x)) = G(x)

u, satisfies the following expression in order to get S = 0 and
after some manipulations:

w = [eol + GG | G [l +G0" 6] G et

+6WaW'] e[+ GWGWT]  (~ Al o)

ny )
+Y" =Y A EOY) (10)
i=2
The switching control term is defined by:
Uy = —G 1 (x)nsgn(S) withn > D; Vi (11)
sgn is the signum function
The sliding mode control law is given by:
U =G (06" (eoln+GWGW)T) " (- F ()
12)

7 Y A B 4o, — nsgn(S))
=2

It is obvious that in order to obtain the sliding mode control, the
system functions F(x) and G(x) and the switching parameters
1 have to be known.

In the next section, we will use adaptive fuzzy systems to
approximate nonlinear functions ¥ and G. Then, in order to
eliminate the chattering phenomenon without deteriorating the
tracking performance, the discontinuous term in the conven-
tional sliding mode technique is replaced by an adaptive PI
term.

3. DESIGN OF A ROBUST ADAPTIVE FUZZY
CONTROLLER

Control objectives: Determine a robust adaptive control law
U (x) for the nonlinear system given by (1) such that the vector
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y can follow a given desired reference signal vector y;, under
that the following conditions are met:

(1) The closed-loop system is stable, i.e., all the signals involved
are uniformly bounded.

(i1) For a given disturbance attenuation level 0 < p < 1, the
following H.. tracking performance is achieved as:

/ "ET QEdr < E(0)TPE(0) + — 67 (0)8,(0) + -7 (0)6>(0)
0 Yr Ye

't
+p? / WTW'dr
JO

for all W € L,[0,1],Vt € [0,00), where Q = QT >0 and P =
BT > 0 are symmetric positive definite weighting matrices,
61 = 6 — 6 and 6, = 6, — 6, are parameters approximation
errors defined next and, yy,7, are the adaptation gains. W’
gather all the terms relating to the approximation errors and the
external disturbances. We introduce the notation W’ € L,[0 ¢ ]
te RT —

t
/ WTWdt <o VieR (13)
JO

Step 1: Approximation F(x) and G(x)

Both functions F(x) and G(x) in (2) are unknown, that is why
we design two fuzzy systems F(x | 6;) and G(x | 8) to approx-
imate them.

Let Af?, k=1,--- n; be the fuzzy sets defined on the universe of
discourse of the ith input i.e. x;. The fuzzy system is character-
ized by a set of if-then rules in the following form:

Rule *: If x; is A% and --- and x, is AX then zis G* (k=1,---N)

(14)
where AK€ {A},--- AT} i=1,--- ,n, GF are fuzzy sets defined

n
respectively forx; i=1,--- ,nand zand N = H”i is the total
i=1
number of rules.
z is given by:

z=6"&(x) (15)
where 87 = [0, 6,,- -, 6y] is a vector grouping all consequent
parameters and & = [£,&,---,Ex]" is a set of fuzzy basis
functions defined as

n
H “A{.‘ (xi )
&) = —— (16)

n

I <HLLA;< (x,-))
i=1

where 1, (x;) is the membership function and represents the

fuzzy meaning of the symbol Af? . 6 is the value of the singleton
associated with G¥. A

The output of F(x | 6;) and G(x | 6,) can be respectively
obtained by:

F(x|6) = [fi(x]65)- Fu(xl6s)]" = 67 Er(x)  (17)
eT
Where 7, (+/6,) = 6] &/(x) j — 1---mand 6] = | -
: O

811(x[60g,,) - g’lp(x|9g1p)

G(x|6) = = 6, D(x) (18)

gml (xlegml) T gmp(xlegmp)

gi/(xlegij) = 9ng..§g(x) i=1---p, j=1---m.

7

T T
Ggll Gglp gg(x) 0 0
Oy =| @ . 1 seM®=1] o . 0
T T
6gml e 6gmp O 0 ég(-x)

Step 2: Reducing chattering phenomenon by adding a PI term

The presence of the signum function in the term uy, in the
classical sliding mode technique leads to the chattering phe-
nomenon, which can excite the high frequency dynamics. To
avoid this problem and to achieve the previous control objec-
tives, an adaptive PI term is used. In fact, the integral term
when added to the proportional term accelerates the movement
of the process towards the set point and eliminates the residual
steady-state error that occurs with a proportional term. Hence,
the inputs and outputs of the continuous time PI term are of the
following form:
!

u kPlsl +ki1 Sl(’L')dT
PI| to

upr = = (19)

t
u
Pim ky sm+ki, [ sm(T)dT
Iy

Where k, and k;j; j = 1---m are the control gains to be
J
computed. (19) can be rewritten as:

upr=p (S| 6,) = [(B1 (51| 6p,) . (Pon(sm | 6p,,)]"

- [epTl ®(sl)...95m®(sm)] "_o(s)6, (20)

Where adjustable parameters vector 6, are given by 6, =
[kpj7kij]T

and ©7 (s;) = [s;, ft; sj(t)dt] are regressive vectors, j=1---m,
0, = (QPTI ...ngm)T’

O(S) = diag[®" (s1) -+ O (sm)].

Step 3: Control law design

The control law is obtained:
U=G64(x] ) (Glx| )G (x] 82))" (£OI+ (é(x| 6)
G (x]0) (6x| )6 (r0)" ) (~F(x]0)

+Y(§nr> — 'ZZA(,‘,Z)E(FU +u,—upr+ ﬁrob) (21)

The term #,,, in (21) detailed next is the robust compensator
defined as:

2
oy = — =8 22)
T p

The term u, is also to be designed next.

Theorem 1. Consider the class of MIMO nonlinear systems
(1), the control law (21) where the functions ' (x|6;), G(x|6,)
and upy are given by (17), (18) and (20), the parameter vectors
01, 61, 6, are adjusted by the adaptive laws (23). Suppose that
the assumptions 2, 3, 4 and 5 are satisfied, then (21) ensures
that all the closed-loop signals are bounded and the tracking
errors decrease asymptotically to zero.

Adaptive laws:

11129



Preprints of the 18th IFAC World Congress
Milano (Italy) August 28 - September 2, 2011

6 = yr&s(x)S”

6 = 1, D(x)US" (23)
bp = 1O(S)'s
Proof
First, let us define the following variables:
6y, = arg min ( sup 1pi(S ] 6,,) — nsgn(s[)||) (24)

0p;€EQp; “SER™

Where nsgn(s;) is the discontinuous term of the conventional
sliding mode control and Q,, denotes the set of the suitable
bounds on 6p,.

and ©, = {0, € 52/[65,| < My, } (25)

Denote:
wip = =P (S| 65,) + nsgn(si) (26)
Wpr = [WlP[ . 'WmP,]T (27)

Assumption 2. The approximation error wi,, (¢) is assumed to
belong to L,[0,¢], V¢ € [0,0).

Define also the optimal parameters vector 6}, 65 of the previous
fuzzy systems:

0 =arg min(sup ||F(x)—ﬁ(x| 91)||) (28)
6 EQ@I X€Qy
6; =arg min (sup |G(v)~G(x|6)]) @9

6269.92 xEQy

Where Qg,,Q4, denote the sets of suitable bounds on 6, 6,
respectively and Q. denotes the set of the suitable bounds on x.
Assume that the constraint sets £2g, are specified as:

Qo = {01/10:] <M/ |

and O, = {82/ 62| < M, | G

Note while assuming that the fuzzy parameter vectors 60y, 6,
and x never reach the boundary of Qg,, £2g, and €, respectively,
we can define the vector of the minimum approximation errors
as:

(30)

Wruzzy = [Wlp e me]T (32)
with
p .
= fi(x) - f(x] 6}) Z 8ij(x) = 8ij(x | 6g;))uj i=1,--- m
(33)

Assumption 3. The approximation error wi,(¢) is assumed to
belong to L,[0,1], Vt € [0,0).

The time derivative of S can be obtained from (20) and (21)

S=F@)+d—¥" + Y Ay_pEY + (G(x) —6(x| 92))11
=2
S=F@)+d—¥" +Y Ay EC Y+ (G(x) —6(x| 8)
i=2
+6(x | 62))U (34)

by using the following property:

e+ (61 867 (x1 ) (Gtx | )67 (x] 6)) [0t
(6] )67 (] 02)) (G(x] 006 (x| ez)ﬂfl _

(34) can be rewritten as follows:

S=F(x)—F(x|61)+ (G(x) —6(x| 92))U—

o +d+ (1 - e [eol + (G(x| 0)G7 (x] 6,))
(é(x|92)é+(x|62))T]f) — el + (Glx | 62)
G* (x| 92)) (66c1 06" (x| eﬁﬂ’l) (- £l 0)

ZA P(S16)) o)

When admitted that u, satisfies the following equation:

p(S16p)

yEGD (35)

w = [eor + (606 (v 82)) (6(x )6 (x ] 82)) |
(601806 (x 02)) [t + (G
(Gx| 026" (x |92))]7( (x] )G (x \92) [
H(6x1 )6 (x] 0)) (G )67 (x 0) ]
[ “(x] ) (6x| 06" (x| ) |

- Z A(i—Z)E(iil) +p(S]6p)— ﬁmb)
i=2

x| 6)6% (x \92)

(36)
~1

€| €0l ( x| 6:)G

(=Pl o)+

(35) can be rewritten from (24), (28),(29) and (36):

=F(2|67)—F(x| 01)+ [G(2]6;) - G(x| 6)] U

A * A A * 2
+p(S| ep,-)_p(S| ep)_p(sl ep,-)_ ES+WFuzZ)’+d

. - L2
S=0]&r(x)+ 6] P(x)U +0O(S)8, — ES— nsgn(S)
+Wpp + Wryzy +d

S=06]Er(x)+ 6] D(x)U +0(S)8, — %S— nsgn(S)+ W

Where sgn(S) = [sgn(sy) - --sgn(sm)]”, 6; = 6 — 6y,
6, =065 —6,, 6, = 6; — 6 and W' = Wpuzzy + Wpr +d.
Then, consider a Lyapunov function candidate as follows:

1 1
tr(0F 91)—1—2—%{”(62 6,) + %tr(e 0)
(37)

where ¥r > 0,7, > 0 and }, > 0 are the adaptation gains.
Then, the time derivative of V is given by:

1 1
V=—tr(STS

. 1 ~ & 1 P
V= (0] (& (x)ST + 80)] + —-tr | (pSTO(S) + 876,
Y Yo

+itr [QZT(YPQD()C)UST + éz)} —ntr(sgn(8)ST)
Ye

—%tr(SST) +tr(W'sT) (38)

Then: _ _ )
él 2—91,é2=—92 and épz—ép (39)

Denote: | S |=|s1 |+ |s2|+---+]|sm | substituting the adaptive
laws (23) and (39) in (38), we obtain:
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. 2
V<-nlS§| —ESTS—i—STW’

V< [L - @W’}T[LS— \/’3w'] RS
2
1_ T 1_ 1T 7!
+pS S+4pW w

. 1 1
Hence, V < — ESTS +7 pWTw' (40)

Integrating (40) for t =0 to 7}
1 /7 1 T
V(T,) - V(0) < ——/ STS dr + —p/ WTW' dr  (41)
pJo 4 0
Then since V(7T') > 0and 0 < p < 1, (41) can be rewritten as:

T, T,
/O STS dt <2v(0)+p> /O wWIw' dr (42)
Using Barbalat’s lemma Wang. (1993), we can see that the
sliding surfaces asymptotically converges to zero in finite time
despite the external disturbances.

Furthermore, it can be proved from (42) that the H. tracking
performance in (13) is achieved, that guarantees the global
stability and the robustness of the closed loop system.

The global stability is achieved under the assumption that all the
parameter vectors are within the constraint sets. To guarantee
that the parameters are bounded, the adaptive laws (24) can be
modified by using the projection algorithm ?.

4. SIMULATION RESULTS

In this section, the performance of the proposed approach is
evaluated for an inverted pendulum system to illustrate the H..
tracking performance of the proposed control design algorithm.
The structure of an inverted pendulum described by the follow-
ing dynamic equations Kung et al. (2009).

X1 =X

sz :fl —|—b1u—|—d1

X3 = X4

iy =fr+bu+ds “43)
y1=X1

Y2 =X3

Where:
x1 = 0 is the angle of the pole with respect to the

vertical axis;

x, = 0 is the angular velocity of the pole with respect to the
vertical axis;

x3 = x is the position of the cart;

x4 = X is the velocity of the cart;

u is the applied force to move the cart

m;gsinx; —mp,Lsinxg cosxlx%

fi=
L(3m; —mpcos?xi)
COSX|
b= I 5
L(3m; —mpcos?xy)
—2m,Lx? sinx| + m,gsinx| cosx
fr= 3MplXy 1 8 1 1
2 = 7 2
3Mm; — M COS™X|
4
by =

3(3m; —mycos?ixy)

g : is the acceleration of gravity

L : is the angular velocity of the pole with respect to the
vertical axis;

m, : is the cart mass;

m,, : is the pole mass;

Define m; = m, +m,
The control objective is to force the system outputs y; and
y2 to track the desired trajectories with the same frequency
va, (t) = m/30sin(r) and yg, (1) = sin(r) respectively in spite
of the disturbances. Figure. 1-7 show the simulation results
under the proposed adaptive fuzzy sliding mode algorithm. The
tracking curves of states, its reference signals are displayed in
Figure 1-4 respectively, which indicate the good performance of
our controller in particularly the good tracking of the reference
signals: Yq,,Y4,,Yd,,Ya, as well as the robustness of the control
system with respect to the disturbance. In Figure 5, it is shown
that there is no chattering in the control law. The evolution of
the surfaces trajectories are shown in Figure 6-7 and we see the
convergence to zero of the system and the attractiveness of the
sliding surfaces.

Fig. 1. Trajectories of the angle of the pole (solide line) and the
reference signal y4, (dashed line)(rad)

Fig. 2. Trajectories of the angular velocity of the pole (solide
line) and the reference signal y,, (dashed line)(rad /s)

Fig. 3. Trajectories of the position of the cart (solide line) and
the reference signal y4, (dashed line)(m)
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Fig. 4. Trajectories of the velocity of the cart (solide line) and
their reference signal y,, (dashed line)(m/s)

Fig. 7. Evolution of surface s,

5. CONCLUSION

In this paper, an adaptive fuzzy controller using sliding mode
approach is developed for a class of underactuated nonlin-
ear disturbed systems. The main contribution of our proposed
method in comparison with other methods is the relaxation
of the condition that the system should be controlled in their
square form (by adding or eliminating variables). Due to the
fact that the pseudo inverse of the gain matrix is used, the intro-
duced approximation error is taken into account in the control
law. To obtain the control objectives (stability and robustness),
the fuzzy approximator is used to approximate unknown non-
linear functions. In addition, this work has proposed to combine
a sliding mode control and an adaptive PI term into a single
fuzzy sliding mode controller in order to overcome the chatter-

ing problem and to ensure the tracking of desired trajectories.
Finally, based on the Lyapunov stability approach, the proposed
adaptive fuzzy sliding mode control scheme can guarantee the
robustness of the closed loop system with respect to disturbance
as well as the tracking of desired trajectories. Nonlinear system
simulation results are presented to verify the effectiveness of
the proposed method.
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